Abstract. We introduce an equivalence relation on the set of single wavelets of L 2 (R n ) associated with an arbitrary dilation matrix. The corresponding equivalence classes are characterized in terms of the support of the Fourier transform of wavelets and it is shown that each of these classes is non-empty.
Introduction
Let n ≥ 1 be an integer. An n×n matrix A will be called a dilation matrix for R n if A preserves the lattice Z n , that is, AZ n ⊂ Z n , and all eigenvalues of A have absolute value greater than 1. These conditions imply that A has integer entries and | det A| is an integer greater than 1. Let B = A t , the transpose of A, and a = | det A| = | det B|. Since AZ n is a normal subgroup of the abelian group Z n , we can form the cosets of AZ n in Z n . It is a well-known fact that the number of distinct cosets of AZ n in Z n is equal to a = | det A| ( [6] , [11] ). A subset of Z n which consists of exactly one element from each of these a cosets will be called a set of digits for A. It is easy to see that if K is a set of digits for A, then so is K − µ, where µ ∈ K. Therefore, we can assume, without loss of generality, that 0 ∈ K.
A finite set of functions Ψ = {ψ 1 , ψ 2 , . . . , ψ L } ⊂ L 2 (R n ) is said to be a multiwavelet of L 2 (R n ) associated with the dilation A if the system
forms an orthonormal basis for L 2 (R n ). If there is a single function ψ ∈ L 2 (R n ) such that {ψ jk := a j/2 ψ(A j · −k) : j ∈ Z, k ∈ Z n } is an orthonormal basis for L 2 (R n ), then we say ψ to be an A-wavelet. A. Calogero [4] provided a characterization of multiwavelets associated with a general dilation matrix. This result extends to the higher dimensional situation a wellknown theorem for dyadic wavelets in L 2 (R), which was proved independently by G. Gripenberg and X. Wang (see Chapter 7 of [7] and reference cited there). Dai, Larson, and Speegle ( [5] ) proved that, associated with every dilation matrix, there exist wavelets ψ of L 2 (R n ) of the form |ψ| = χ K , where K is a measurable subset of R n . Such wavelets are called MSF (minimally supported frequency) A-wavelets and we shall call the corresponding set K an A-wavelet set. The theorem of Calogero for single wavelets of L 2 (R n ) is the following.
if and only if the following are satisfied:
We use the following definition of Fourier transform:
The A-wavelet sets (equivalently, the MSF A-wavelets) admit a simple characterization in terms of two geometric conditions.
n is an A-wavelet set if and only if the following two conditions hold:
Given an A-wavelet ψ, we define a sequence of closed subspaces of L 2 (R n ) as follows:
It is easy to verify that these subspaces satisfy the following properties:
, and (v) V 0 is invariant under translation by elements of the group Z n .
In view of the last property, it is natural to ask the question of the existence of other (larger) groups of translations under which the space V 0 remains invariant. For each non-negative integer r, we shall prove the existence of A-wavelets for which the corresponding space V 0 is invariant under translation by elements of the form
We consider the following groups of translation operators:
Let G be a set of bounded linear operators on L 2 (R n ) and V a closed subspace of L 2 (R n ). We say that V is G-invariant if T f ∈ V for every f ∈ V and T ∈ G. Let L r denote the collection of all A-wavelets such that the corresponding space V 0 is G r -invariant. It is clear that L 0 is the set of all A-wavelets, and
These inclusions naturally give rise to an equivalence relation on the collection of A-wavelets. The equivalence classes are given by M r = L r \ L r+1 , r ≥ 0, and
This equivalence relation was defined in [10] for dyadic wavelets in L 2 (R), where the author characterized the equivalence classes. He also proved that M r , r = 0, 1, 2, 3, are non-empty. Later, in [2] , [9] , examples of wavelets of L 2 (R) were constructed for each of these equivalence classes, by different methods. This equivalence relation was extended by the author to the wavelets of the Hardy space H 2 (R) in [1] , where it was also shown that the corresponding equivalence classes are non-empty.
In section 2 we characterize the equivalence classes in terms of the support of the Fourier transform of wavelets and in section 3 we prove that each of them is nonempty.
Characterization of the equivalence classes
For j ∈ Z and y ∈ R n , define the dilation operators D j and translation operators T y on L 2 (R n ) as follows:
In this notation we have
Observe that for j ∈ Z and y ∈ R n , we have
Hence, we have the following commutation relation:
We define another sequence,
Observe that W 0 = span{ψ(· − k) : k ∈ Z n }. Therefore, the wavelet ψ belongs to the space W 0 . For this reason, first we characterize this space.
If f ∈ W 0 , then there exists a sequence
Conversely, iff is of this form, then by considering the Fourier series of m and reversing the above steps, we see that f ∈ W 0 . Therefore, we have the following characterization of W 0 .
We begin with a few lemmas.
Lemma 2.1. Fix a non-negative integer r, and let p, q be integers with p < q. Then the space
Proof. By definition, f ∈ V p if and only if D q−p ∈ V q . Suppose that g ∈ V q and find f ∈ V p such that D q−p f = g. Now, from the commutation relation (2.1), we have for
The lemma now follows from this equation. The structure of the space V 0 can be quite complicated; in some cases it may not even be generated by the Z n -translates of a finite number of functions. On the other hand, W 0 is generated by the Z n -translates of a single function, namely, the wavelet ψ. The following lemma allows us to work with W 0 instead of V 0 .
Lemma 2.3. Let M be a dilation matrix and K M be a set of digits for M. Then
where K M t is a set of digits for the dilation M t .
Proof. This is the orthogonal relation for the characters of the finite group Z n /MZ n (see [8] ). Observe that the mapping
is a character of the (finite) coset group Z n /MZ n . If ν = 0, then there is nothing to prove. Suppose that ν = 0, then there exists a µ
Therefore,
Applying Lemma 2.3 to the dilation matrix A r , we get the following simple but useful fact.
Lemma 2.4. Fix r ∈ N and let l ∈ Z n \ B r Z n . Then there exists k ∈ Z n such that
Proof. Since A is a dilation matrix, so is A r . From Lemma 2.3, we have
n } forms a partition of V . A function f on R n is said to be 2πZ n -periodic if f (x + 2mπ) = f (x) for a.e. x ∈ R n and all m ∈ Z n . Let ψ be an A-wavelet. Denote E = suppψ. For k ∈ Z n , define
Theorem 2.5. Let r ∈ N and ψ be an A-wavelet. Then ψ ∈ L r if and only if
n . Taking Fourier transform, we get e −i B −r ·,k ψ ∈ W 0 for all k ∈ Z n . By the characterization of W 0 (see (2.3)), this is equivalent to saying that for each k ∈ Z n , there exists a 2πZ n -periodic function µ k ∈ L 2 (T n ) such that e −i B −r ξ,k ψ (ξ) = µ k (ξ)ψ(ξ). Note that if ξ ∈ E (so thatψ(ξ) = 0), then we have (2.6)
Now suppose that there exists l ∈ Z n \ B r Z n such that E(l) = ∅. Hence, there exists a non-trivial set F such that both F and F + 2lπ are subsets of E. Now, for a.e. ξ ∈ F and for all k ∈ Z n , we have
=⇒ e −2πi B −r l,k = 1, (by (2.6), and since ξ + 2lπ ∈ E)
This is a contradiction to Lemma 2.4.
To establish ψ ∈ L r , it is sufficient to show that for all k ∈ Z n , we have
where m(x) is the unique element in Z n such that x+2m(x)π ∈ T n . Since the relation m∈Z n |ψ(ξ + 2mπ)| 2 = 1 a.e. holds for every A-wavelet, it is clear that τ : E −→ T n is onto. First, we want to find a subset H of E such that τ : H −→ T n is a bijection, that is, H is 2πZ
n -translation equivalent to T n .
Fix ξ ∈ T n . Define Z(ξ) = {k ∈ Z n : ξ + 2kπ ∈ E}. Notice that for a.e. ξ, Z(ξ) is non-empty. For ξ ∈ E, we choose k ξ = 0. Now, let ξ ∈ E. If there is an l = (l 1 , l 2 , . . . , l n ) ∈ Z(ξ) such that l 1 > 0, then we choose k ξ = k, where k 1 = inf{l 1 : l = (l 1 , l 2 , . . . , l n ) ∈ Z(ξ) and l 1 > 0}. Otherwise we choose k ξ = k, where k 1 = sup{l 1 : l = (l 1 , l 2 , . . . , l n ) ∈ Z(ξ) and l 1 < 0}. Now define the set (2.8)
Observe that H is 2πZ n -translation equivalent to T n , by construction. For k ∈ Z n , we define the function ν k on H by
and extend 2πZ n -periodically to the whole of R n so that (2.7) holds clearly on H. To complete the proof we need to show that (2.7) also holds on E \ H. Now, for almost every ξ ∈ E \ H, there exists ξ ′ ∈ H and l ξ ∈ Z n such that ξ = ξ ′ + 2l ξ π, since H is 2πZ n -translation equivalent to T n . That is, E(l ξ ) = ∅. Hence, by hypothesis, l ξ = B r p ξ for some p ξ ∈ Z n . Therefore, we have
This completes the proof of the theorem. Theorem 2.5 allows us to characterize the equivalence classes in terms of the support of the Fourier transform of the wavelets. Theorem 2.6.
(a) The equivalence class M ∞ is precisely the collection of all MSF A-wavelets.
Proof. Item (a) is an easy generalization of the corresponding result for the onedimensional dyadic wavelets, which is proved in [10] . Item (b) follows from Theorem 2.5. It also follows from Theorem 2.5 that an A-wavelet ψ ∈ L 1 if and only if E(l) = ∅ for every l ∈ Z n \ BZ n . Since L 0 consists of all A-wavelets, (c) follows from this and the fact that M 0 = L 0 \ L 1 .
Construction of wavelets in M r
Let D be a subset of R n satisfying (ii) in Theorem 1.2. For E ⊂ R n , we define the translation projection τ and dilation projection d as follows:
The following result gives sufficient conditions for a set S ⊂ R n to be a subset of an A-wavelet set. We refer to [3] for the proof.
Theorem 3.1. Let A be a dilation matrix, B = A t , and S ⊂ R n . Then S is a subset of an A-wavelet set if the following conditions hold:
We shall also require another result proved in [3] for expansive matrices, i.e., n × n matrices such that all eigenvalues have modulus greater than 1. Hence, a dilation matrix is an expansive matrix which preserves the lattice Z n .
Lemma 3.2. Suppose A is a dilation matrix, k ∈ Z n \ {0}, and p ∈ Z \ {0}. For α ∈ Z n and j ∈ Z, let f α (x) = B −p x − 2απ and g j (x) = B −j x − 2kπ. Let Y be the collection of all fixed points of F ∪ G, where
Then for any y ∈ Y , there exists ǫ > 0 such that
Using Lemma 3.2, we show the existence of a set I ⊂ R n satisfying some properties, which will be crucial for the construction of wavelets in M r . Proposition 3.3. Let k ∈ Z n \ {0} and p ∈ Z \ {0}. There exists a measurable set I ⊂ R n satisfying the following properties:
Proof. Let Y be the collection of fixed points of F ∪ G as defined in Lemma 3.2. Notice that the fixed points of F is precisely the lattice 2π(B −p − I) −1 Z n and those of G is the set {2π(B −j − I) −1 k : j ∈ Z \ {0}}, which has limit points {0, −2kπ}. Choose any y ∈ Y ∪ (2πZ n ) ∪ (2πB p Z n ). By Lemma 3.2, there exists an ǫ > 0 such that (3.2) holds. That is, if we take I = N ǫ (y), then I satisfies (3.3), (3.4) , and (3.5). To prove (3.6) we shall show that S = I ∪ (B −p I + 2kπ) satisfies the conditions (a)-(d) of Theorem 3.1. Equations (3.4) and (3.5) clearly imply (a) and (b). Since y ∈ (2πZ n ) ∪ (2πB p Z n ), by chosing ǫ ′ < ǫ sufficiently small, if necessary, and taking I = N ′ ǫ (y), we observe that (c) and (d) are also satisfied. Hence, there is an A-wavelet set containing I ∪ (B −p I + 2kπ). Now fix an integer r ≥ 0. Choose k = k r ∈ B r Z n \ B r+1 Z n and p = 1. Then by Proposition 3.3, there is a set I ⊂ R n of positive measure and an A-wavelet set W such that
Let J = W \ (I ∪ (B −1 I + 2k r π)), and define the function ψ r as follows:
Theorem 3.4. For each integer r ≥ 0, ψ r is an A-wavelet belonging to the equivalence class M r .
Proof. To prove that ψ r is an A-wavelet, we verify that ψ r satisfies (i)-(iii) of Theorem 1.1. Condition (i) is verified once we show that m∈Z n |ψ r (ξ + 2mπ)
Since ρ is 2πZ n -periodic, it suffices to prove that ρ(ξ) = 1 a.e. on the wavelet set W which is 2πZ
n -translation equivalent to T n . Notice that ) 2 = 1. The proof of (ii) is similar. Now we prove (iii). The termψ r (B j ξ)ψ r (B j (ξ + 2qπ)) is non-zero only when both B j ξ and B j (ξ + 2qπ) are in the support ofψ r . Since B j (ξ + 2qπ) = B j ξ + 2B j qπ, it is clear from (3.7), (3.9) , and the definition ofψ r that either B j q = k r or B j q = Bk r . In the first case, we get that B j (ξ + 2qπ) ∈ I + 2Bk r π and B j ξ ∈ I if and only if B j−1 (ξ + 2qπ) ∈ B −1 I + 2k r π and B j−1 ξ ∈ B −1 I. Hence, the sum in Theorem 1.1 (iii) is equal to ( ) = 0. The second case is similar. Therefore, by Theorem 1.1, it follows that ψ r is an A-wavelet. Finally, we have to show that ψ r ∈ M r . Recall that E(k) = suppψ r ∩ (suppψ r + 2kπ). From the definition of ψ r , it is clear that E(k) is non-empty if and only if k = 0, ±k r , ±Bk r . By our choice, k r ∈ B r Z n \ B r+1 Z n . Hence, by Theorem 2.6(b) and (c), ψ r ∈ M r , r ≥ 0.
As we mentioned earlier, it was proved in [5] that there are MSF A-wavelets of L 2 (R n ) associated with every dilation matrix. Hence, M ∞ is non-empty. We just proved that M r is non-empty for r ≥ 0. Therefore, each of the equivalence classes of A-wavelets is non-empty.
